have proposed several procedures and a mathematical model on single-model (product) assembly line balancing (ALB) problem with parallel lines. In parallel ALB problem, the goal is to balance more than one assembly line together. In this paper, a network model for parallel ALB problem has been proposed and illustrated on a numerical example. This model is a new approach for parallel ALB and it provides a different point of view for interested researchers.
Introduction
Assembly lines are flow-oriented production systems which still are typical in the industrial production of high-quality standardized commodities and even gain importance in low-volume production of customized products. Among the decision problems which arise in managing such systems, ALB problems are important tasks in medium-term production planning [1] .
ALB relates to a finite set of tasks, each having a task time and a set of precedence relations, which specify the permissible orderings of the tasks. One of the problems in organizing mass production is performing way of group task on workstations so as to achieve the desired level of performance. Line balancing is an attempt to allocate equal amounts of work to the various workstations along the line. The fundamental line balancing problem is how to assign a set of tasks to an ordered set of workstations, such that the precedence relations and some performance measures (minimizing the number of workstation, cycle time, idle time, etc.) are satisfied [2] .
The studies related to the assembly line can be classified into general groups: traditional assembly lines (with single and multi/mixed products) and U-type assembly 2 Mathematical Problems in Engineering lines (with single and multi/mixed products). The ALB problem has been widely studied since the first analytical statement of the ALB problem was published in mathematical form by Salveson [3] . Over the last five decades, many heuristics and optimal procedures have been proposed for the solution of ALB problem. For the studies on traditional assembly line balancing, the review papers of Baybars [4] , Ghosh and Gagnon [2] , Erel and Sarin [5] , Scholl and Becker [6] , and Becker and Scholl [1] can be seen. In addition, the papers of Miltenburg and Wijngaard [7] , Urban [8] , Scholl and Klein [9] , Ohno and Nakade [10] , Miltenburg [11] , Sparling and Miltenburg [12] , Miltenburg [13] , and Guerriero and Miltenburg [14] may also be investigated for U-type line balancing. Although literature on traditional and U-type ALB is rather extensive, the studies on parallel lines are quite little. In designing the parallel assembly lines, Süer and Dagli [15] have suggested heuristic procedures and algorithms to dynamically determine the number of lines and the line configuration. Also, Süer [16] has studied alternative assembly line design strategies for a single product. Other researches involving parallel workstation have focused on the simple assembly line balancing problem [17] and mixed-model production line balancing problem [18] [19] [20] . These studies on parallel lines are logically different from the approach of Gökçen et al. [21] . The new problem presented by Gökçen et al. [21] has been derived from the traditional and Utype ALB problem where more than one assembly line is balanced with common resources.
In this paper, a network model is developed for this new problem called parallel ALB.
Balancing of the parallel lines
It is the most common case in industry that more than one line (especially two or three lines) produce the same or different types of product at the same time independently. Working of the lines simultaneously with a common resource is very important in terms of resource minimization [21] . The goal of the problem (balancing of the parallel lines) presented by Gökçen et al. [21] is to balance more than one assembly line together. That is, it will be possible to assign task(s) from each line to a multiskilled operator. As a result, it is inevitable to minimize the total idle times of the lines. For this purpose, Gökçen et al. [21] have developed two procedures and a mathematical model and tested the models on well-known problems in the line balancing literature.
In Figure 2 .1(a), precedence diagrams for two different products (two assembly lines) and the line balancing results of traditional and parallel lines are given. The numbers within the nodes represent tasks, and the arrow (or arcs) connecting the nodes specifies the precedence relations. The numbers next to the nodes represent task performance times. When each product in the problem is balanced with a cycle time of 8, it can be seen that all tasks are performed at 6 workstations in the traditional assembly line (Figure 2.1(b) ), whereas all tasks are performed at 5 workstations in parallel assembly line ( Figure 2.1(c) ).
As seen in Figure 2 .1(c), workstations can include tasks located on different parts of the two production lines. For example, one of the workstation consists of tasks 13 and 23, where 13 is located in line 1 while 23 is located in line 2.
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Shortest-route formulation
First shortest-route model of the traditional single-model ALB problem has been presented by Klein [22] . The network had directed arcs representing possible assignments of tasks to workstations, and each path from source to sink represented a possible line design. Then, Gutjahr and Nemhauser [23] have developed an algorithm to solve the singlemodel version of the problem based on finding the shortest route in a finite-directed network. Mansoor [24] has suggested an adjustment to the Gutjahr and Nemhauser [23] algorithm to obtain the optimal solution after considering only a fraction of the shortestroute calculations. Roberts and Villa [25] have extended the Gutjahr and Nemhauser [23] algorithm to solve the mixed-model version of the problem. Chakravarty and Shtub [26] 4 Mathematical Problems in Engineering have presented a shortest-route formulation for mixed model, unpaced line in which setup, inventory holding, and labor costs were considered [27] . Erel and Gökçen [27] have developed a shortest-route formulation for mixed-model assembly lines based on the Gutjahr and Nemhauser's [23] algorithm. The model was considerably superior to the model of Roberts and Villa [25] . Finally, Gökçen et al. [28] have presented a shortestroute formulation for the U-type ALB problem. The network model proposed for the parallel ALB problem in this paper is based on the Gutjahr and Nemhauser's [23] algorithm. In the network model, we assumed that the task performance times are known constant, precedence relations of tasks are known, operators worked in each workstation of each line are multiskilled, only one product is produced on each assembly line, and operators can work on each side of the line.
The mathematical model developed by Gökçen et al. [21] for balancing of the parallel assembly lines is given below.
Constraints:
2) ensures that all tasks are assigned to a station and each task is assigned only once. Constraint (3.3) ensures that the work content of any station does not exceed the cycle time. Constraints (3.4) and (3.5) ensure that an operator worked at station k and line h can do task(s) from only one adjacent line (i.e., operator in line h can do the tasks in line h + 1 or h − 1). Constraint (3.6) ensures that the precedence constraints are not violated on the line h precedence diagrams. As a result of objective function, the number of workstations will be minimized [21] . workstations in the assembly line and the nodes correspond to possible first workstation assignments of tasks. The arc lengths are the idle times of workstations. Thus, the optimization procedure is to find the shortest path in the network or to find the minimum number of arcs. Node generation, arc construction, and finding the shortest path are given below in detail.
Generation of nodes.
Combining more than one precedence diagram into one diagram will ease the state generation. For this reason, precedence diagrams of products should be connected with null starting and ending nodes as given in Figure 3 .1. The null nodes (X,Y ) will not be considered in state generation. Each node in the network model (shortest-route model) represents a state. A state is a collection of tasks that can be processed without prior completion of any other tasks in any order that satisfies the precedence relations.
In state or node generation process, the following properties should be satisfied. (i) No state elements can be generated as duplicate.
(ii) All sets generated are states.
(iii) Every state is generated [23] .
The node generation process used in the developed model is similar to the Gutjahr and Nemhauser's [23] node generation process. The node generation process for the parallel ALB problem can be defined as follows. The empty set is considered as the first state generated. The tasks that are available for assignment (i.e., the task without any predecessor except the null nodes in the combined precedence diagram) are unmarked immediate followers. These tasks are placed on stage 1 and are considered as marked tasks. For the initial stage, all sets of task combination related to marked/unmarked tasks are generated. Each set is defined as a state (S). The unmarked immediate followers of a state are augmented to the current stage to construct the states of the next stage. The augmentation of states and the corresponding unmarked immediate followers are performed in stages.
For any state S of stage s, unmarked immediate followers are placed in a list called F(S).
Let T ⊂ F(S), the S ∪ T is a state for stage s + 1. For each state of stage s, the unmarked immediate followers are determined and placed as marked tasks for stage s + 1. When all 6 Mathematical Problems in Engineering tasks are marked or F(S) is empty for the current stage, the node generation process is completed. All possible feasible states can be generated with this node generation process. The final node/state in the network consists of all tasks.
After constructing the state generation table, some states should be removed. This is necessary due to nature of the parallel ALB problem. When there are more than two lines, it should not be allowed for the operator that works on line 1 to work on line 3 because there is another line, line 2, exists between line 1 and line 3. In other words, tasks of line 1 and line 3 should not be assigned to the same operator. When states are being produced, these unsuitable states are also possible to be produced. So before setting the shortest route, these unsuitable states should be deleted. The following conditions should be attained in order to do this.
(i) Assignment of tasks from neighbor line is acceptable:
(ii) Assignment of tasks from lines that are not neighbors is not acceptable: {(h, i), (E,i)}, E ∈ {h + 2,h + 3,...,H}. (h,i): h line, i task.
Constructing the arcs and finding the shortest path.
Each state generated in the state generation process corresponds to the nodes in the directed network. Let G i , i = 1,...,r, represent the set of tasks in node i (r is the total number of nodes). G 0 = 0 and G r is the set of all tasks in the combined precedence diagram. Note that, no arc enters node 0 and no arc leaves node r. Also, T(G i ) = j∈Gi t j is the total task time in G i . The path(s) from node 0 to node r in the network can be constructed as follows: the aim is to find the shortest path(s) of the network. Finding the shortest path from node 0 to node r can be achieved by finding any path(s) from node 0 to node r with the least number of arcs. A path with the least number of arcs from node 0 to node r is the optimal solution of the problem.
Constructing the network begins with the initial node (node 0). All arcs are branched from node 0. If T(G i ) ≤ C, there is an arc from node 0 to node i. These nodes are called the first nodes. If G i ⊂ G j and T(G j ) − T(G i ) ≤ C for node i among the first nodes, an arc to node j is constructed. These nodes are also called the second nodes. Network construction is repeated until node r is reached. Each directed arc (i j) from node i to node j in the network has a length of [C − T(G j ) + T(G i )]. This length denotes the idle time of each workstation. After the network construction is completed, a shortest route (or path) from node 0 to node r is obtained by considering the arc lengths (or idle time of workstation). Each arc in the final network corresponds to the workstation in the assembly line. If the shortest route from node 0 to node r is (0,i, j,k,r) , the task assignments to the workstations can be determined as [
Each set represents the tasks that will be assigned to the workstations.
Illustrative example
Precedence diagrams given in Figure 2 .1(a) will be used. Models 1 and 2 have 5 and 4 tasks, respectively. Combined diagram which is obtained by adding the null starting and ending nodes is also depicted in Figure 3 .1. The operation of combining the precedence diagrams with null nodes should be done before the node generation process. Figure 4 .1. Nodes 1, 2, 3, 4, 5, 7, 8, 10, 11, 12 , and 13 define the first nodes, because the constraint of T(G i ) ≤ C is satisfied for these nodes. From node 1, two new nodes, from node 3, two new nodes, from node 7, three new nodes, from node 10, one new node, and lastly from node 4, ten new nodes can be constructed with Figure 4 .1 represent the station idle times. Workstation assignments of this problem were given in Figure 2 .1(c).
Concluding remarks
Parallel ALB problem suggested by Gökçen et al. [21] is a new research area of the line balancing literature. In the parallel assembly line balancing, the goal is to balance more than one assembly line together. That is, it will be possible to assign task(s) from each line to a multiskilled operator. As a result, it is inevitable to minimize the total idle times of the lines.In this paper, a network model for parallel assembly line balancing (ALB) problem is proposed and illustrated on a numerical example. The model is based on the Gutjahr and Nemhauser's [14] algorithm developed for single-model ALB problem. The shortest-route model developed here for parallel ALB problem is a new approach and it provides a different perspective for interested ALB researchers. Furthermore, model can also be used as a framework to develop effective heuristic procedures to solve the parallel line balancing problem. 
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